We find exact Fermi coordinates for timelike geodesic observers for a class of spacetimes that includes anti-de Sitter spacetime, de Sitter spacetime, the constant density interior Schwarzschild spacetime, and the Einstein static universe.
Introduction
In a spacetime M , let σ(τ ) be a a timelike geodesic parameterized by proper time τ with unit tangent vector e 0 (τ ). A Fermi normal coordinate system along σ is determined by an orthonormal tetrad of vectors, e 0 (τ ), e 1 (τ ), e 2 (τ ), e 3 (τ ) parallel along σ. Fermi coordinates x 0 , x 1 , x 2 , x 3 relative to this tetrad are defined by,
where here and below, Greek indices run over 0, 1, 2, 3 and Latin over 1, 2, 3.
The exponential map, exp p ( v), denotes the evaluation at affine parameter 1 of the geodesic starting at the point p in the spacetime, with initial derivative v, and it is assumed that the λ j are sufficiently small so that the exponential maps in Eq.(1) are defined. General formulas in the form of Taylor expansions for coordinate transformations to and from Fermi coordinates, and more generally for Fermi-Walker coordinates, were given in [1] , where a partial summary of the numerous applications of Fermi coordinates also appears.
In general, exact transformation formulas for Fermi coordinates are not available, nor even rigorous lower bounds, in terms of curvature, for the radius of a tubular neighborhood of σ, for the domain of Fermi coordinates, i.e., for the range of Fermi coordinates on an explicit chart. However, in [2] , Chicone and Mashhoon found exact formulas for Fermi coordinates for geodesic observers in de Sitter and Gödel spacetimes.
In this paper, using a different approach, we find exact transformations to and from Fermi coordinates for a class of spacetimes. Our starting point is a generic metric given by Eq.(2) below. When f (x, y, z) ≡ 0 = k, Eq.(2) is the Minkowski metric. Other examples, described in detail in Section 3, include the metrics for anti-de Sitter spacetime (AdS 4 ), de Sitter spacetime (dS 4 ), the interior constant density Schwarzschild spacetime, and the Einstein static universe, in suitable coordinates. Using our Theorems 1 and 2 below, we find explicit charts with Fermi coordinates. In the case of AdS 4 , for example, we show that Fermi coordinates are global.
General results
Consider a line element of the form,
where r 2 = x 2 + y 2 + z 2 , k is a constant, and f (x, y, z) is a smooth function, which together with its first partial derivatives, vanishes at x = y = z = 0. Although not essential, we assume for convenience that 1 − f (x, y, z) does not vanish when 1 − kr 2 > 0, and that this last expression determines the range of spatial coordinates (x, y, z) for the chart on which the metric is described by Eq.(2).
Since all first partial derivatives of the metric elements determined by Eq. (2) vanish on the timelike path σ(t) = (t, 0, 0, 0), it immediately follows that the connection coefficients also vanish on σ(t), and that σ(t) is a geodesic. Moreover, t = τ is proper time, and the following orthonormal tetrad is parallel along along σ(t):
We construct Fermi coordinates for σ(t) = (t, 0, 0, 0), begining with the inverse transformation, from Fermi coordinates {x 0 , x 1 , x 2 , x 3 } to Cartesian coordinates {t, x, y, z}, given by the following theorem.
In what follows, it is convenient to define a ≡ |k| > 0.
Theorem 1. (a)
When k > 0, the transformation from Fermi coordinates along σ(t) to the coordinates {t, x, y, z} is given by,
(b) When k < 0, the transformation from Fermi coordinates along σ(t) to the coordinates {t, x, y, z} is given by,
where
Proof. It follows from Eq.(1) that a necessary and sufficient condition for {x 0 , x 1 , x 2 , x 3 } to be Fermi coordinates relative to a tetrad e 0 (τ ), e 1 (τ ), e 2 (τ ), e 3 (τ ) along a geodesic σ is that in these coordinates,
where s measures proper distance and (a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 = 1. Thus, it suffices in our case to prove that X t (s) ≡ (t, sa 1 , sa 2 , sa 3 ) is geodesic in the coordinates {x 0 , x 1 , x 2 , x 3 } given by Eqs.(4)-(7) for k > 0 and (8)-(11) for k < 0. This is readily verified by using these equations to transform the metric of Eq.(2), yielding the results of Corollary 1 below, from which the connection coefficients are determined. It then follows by direct calculation that,
which is equivalent to,
Thus, X t (s) ≡ (t, sa 1 , sa 2 , sa 3 ) is geodesic for all choices of (a 1 , a 2 , a 3 ).
The following two corollaries follow from Theorem 1 and direct calculation.
Corollary 1. The metric in Fermi coordinates for the observer σ(t), (a) when k > 0 is given by,
(b) when k < 0, is given by,
Corollary 2. Under the change of spatial coordinates, x 1 = ρ sin θ cos φ, x 2 = ρ sin θ sin φ, x 3 = ρ cos θ, the Fermi metric given by Corollary 1 (a) for k > 0 becomes,
(b) for k < 0 becomes,
where g 00 is given by Eq.(15) for part (a), and (18) for part (b).
Theorem 2. (a)
When k > 0, the transformation from the coordinates {t, x, y, z} to Fermi coordinates along σ(t) is given by,
(b) When k < 0, the transformation from the coordinates {t, x, y, z} to Fermi coordinates along σ(t) is given by,
where, as above,
Proof. To prove part (a), observe that squaring and adding Eqs. (5), (6), and (7), gives,
Solving for ρ in the above equation, and then for x, y, and z in Eqs. (5), (6), and (7) yields Eqs (24),(25), and (26). The proof of part (b) using,
is similar.
Remark 1.
The independence from the function f (x, y, z) of the coordinate transformations appearing in Theorems 1 and 2 is a consequence of Eq.(13) and the assumption that f (x, y, z) and its first partial derivatives vanish on σ.
Remark 2. Under the assumptions made in the paragraph below Eq. (2), it follows from Eqs. (31) and (32) that for k > 0, the domain of the spatial Fermi coordinates may be chosen to include any open set in which 0 ρ < π/2a, and for k < 0, 0 ρ < ∞.
Examples
Using the results of the previous section, we find in this section exact expressions for the metrics in Fermi coordinates along particular timelike geodesics in AdS 4 ,dS 4 , the interior constant density Schwarzschild spacetime, and the Einstein static universe.
Example 1. AdS 4 and dS 4 metrics in Fermi coordinates
In static coordinates of dS 4 , or the analog for AdS 4 , the metric is,
where the cosmological constant Λ is positive in the case of dS 4 , and negative for AdS 4 . In the case of dS 4 , Eq.(33) is singular at the cosmological horizon where r = 3/Λ. The horizon divides spacetime into four regions as may be seen from the Penrose diagram [3] . In one of these regions the timelike Killing vector ∂/∂t is future-directed, 0 r < 3/Λ, and an observer at r = 0 is surrounded by the cosmological horizon at r = 3/Λ. We restrict our attention, for the case of dS 4 , to this causal region.
By contrast, when Λ < 0 (for AdS 4 ), the range of r is unrestricted, i.e., 0 r < ∞. In either case, Eq.(33) may be rewritten as,
The first line of Eq.(34) is the Minkowski metric in spherical coordinates. Changing to Cartesian space coordinates x, y, z, and identifying r 2 = x 2 + y 2 + z 2 , Eq.(34) becomes,
which has the form of Eq. (2) with f (x, y, z) = Λr 2 /3, k = Λ/3.
Using Eq.(32), we find that the Fermi metric for the observer σ(t) = (t, 0, 0, 0) in AdS 4 is,
where a = |k| = |Λ|/3 and the spatial metric coefficients g ij are given by Eq.(20). Fermi coordinates {x 0 , x 1 , x 2 , x 3 } are global on the covering space for AdS 4 , and consistent with Remark 2, Eq.(36) is valid on the entire spacetime. The associated polar metric given by Corollary 2, though heretofore not associated with Fermi coordinates, is independently well-known and extant in the literature:
The Fermi metric for the observer σ(t) = (t, 0, 0, 0) in static coordinates in dS 4 is analogous. Using Eq.(31) for Λ > 0,
where a = √ k = Λ/3 and the spatial metric coefficients, g ij are given by Eq.(17). Consistent with Remark 2, Fermi coordinates {x 0 , x 1 , x 2 , x 3 } cover the region of dS 4 satisfying ρ = (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 < π/2a, the same region covered by static coordinates, up to the cosmological horizon. The associated polar metric given by Corollary 2 is, 
